We have investigated numerically the dynamics of quantum Fisher information (QFI) and quantum entanglement (QE) for N-level atomic system interacting with a coherent field in the presence of Kerr (linear and non-linear medium) and Stark effects. It is observed that the Stark and Kerr effects play a prominent role during the time evolution of the quantum system. The evolving quantum Fisher information (QFI) is noted as time grows under the non-linear Kerr medium contrary to the QE for higher dimensional systems. The effect of non-linear Kerr medium is greater on the QE as we increase the value of Kerr parameter. However, QFI and QE maintain their periodic nature under atomic motion. On the other hand, linear Kerr medium has no prominent effects on the dynamics of N-level atomic system. Furthermore, it has been observed that QFI and QE decay soon under the influence of Stark effect. In short, the N-level atomic system is found prone to the change of the Kerr medium and Stark effect for higher dimensional systems.
entanglement, and so on are used so that the quantum states of a system can be characterized and manipulated with high precision.
Quantum entanglement (QE) is a very famous and mysterious phenomenon of quantum mechanics that cannot be described completely. It has different applications in quantum mechanics and quantum information theory. Quantum correlations are observed in different physical systems. Quantum entanglement (QE) was first studied by Schrodinger [9] [10] as a basic phenomenon of quantum mechanics, and it had no similarity with classical approach [11] . Therefore, quantum correlations are used to calculate the quantum states of complex systems. The correlations of complex systems do not depend on the spatial separation of components, so the system behaves as a single system. Schrodinger explained that the information of different parts of the system would not contain the complete information of the whole system [11] . The quantum correlations are the results of the quantum measurements that explain the solution and information of different physical systems like the Bell inequalities [12] [13] , and confirm the experimental segment of the spooky action at a distance, as presented by Einstein. In the last few years due to the progress of quantum information processing (QIP), the new field of quantum metrology becomes important and prominent [14] [15] . The importance of QE in a different process has led to the observation and investigation of larger dimensional quantum systems and shows when an important and significant role in quantum systems of many particles [16] . The real quantum systems are not closed completely and so the important quantum properties decreases. Hence, the dynamical response is observed when the system loses coherence due to interaction with the environment.
When the objects are in contact with the environment, the dynamics of objects behave like an open system. Hence, the interaction between a complex quantum system and its environment and the study of the dynamics of different physical quantities are very attractive and interesting. This interaction causes a quantum noise that creates fluctuations like decoherence, and dissipative dynamics that are not reversible [17] . Therefore, in the last few decades the study of quantum decay caused by the interaction with the environment has become interesting and attractive. Moreover, the evaluation of open quantum systems has attracted attention to the study of modern quantum theory, rather more importantly to the study of quantum information processing (QIP).
The Jaynes-Cumming model (JCM) [18] represents the interaction between a S. J. A Kerr-like medium is represented by a harmonic oscillator (HO) [24] . The nonlinearity of Kerr is similar to a Hamiltonian that is quadratic in the number of photon operator. The Kerr-like medium model can be presented as if the cavity is having two different types of the Rydberg atoms, one of them behaves as harmonic oscillator and the other one will couple with the field-mode. The effect of non-linear interaction of a cavity mode with a Kerr-like medium on the dynamics of atomic population has been studied when the non-linear generalization of the JCM was taken into account, [25] [26] [27] . Therefore, the interaction is mainly confined to the case of single cavity mode. Quantum dynamics of a two-level atom having interaction with two-/multi-mode cavity field in the presence of a Kerr like medium has been investigated [28] [29] . Berlin and Aliaga [30] presented the case of the non-degenerate two-photon JCM model in the presence of a Kerr-medium using a method of operators that are related to the dynamics of the system and temporal evolution is also investigated.
Recently, the JCM model was extended to consider the atomic motion along the axis of the cavity [31] . The extended standard JCM contains external atomic effects because the atomic motion is quantized and the motion of the center of the mass of an atom is cooled down to very small temperatures, hence the vibrational motion was quantized [32] . Recently properties of the atomic external and internal quantities like the radiation force and momentum of atom for the Raman-coupled JCM have been investigated [33] [34] . The interaction of a moving three level atom with two-mode cavity field including a Kerr-like medium in the corresponding cavity are investigated [35] [36] . These observations are considered when the atom is initially prepared in the eigenstate of momentum and the state of the field is squeezed. The atomic system containing a moving Rubidium atom interacting with cavity field of single mode is investigated [37] . Furthermore, the resonant case of the interaction of a moving N-level ladder type atom with cavity field of (N-1)-mode is observed [38] . Recently, the system having a four-level ladder type atom in a momentum eigenstate interacting with a single-mode cavity field under the influence of nonlinearities of the intensity-dependent coupling is determined [39] . Moreover, the interactions of a moving four-level N-type atom with a three-mode cavity field in the presence of a nonlinear Kerr-like medium have been investigated [40] .
The interaction of light with matter is known as Stark effect and it is a very important phenomenon in the quantum optics [41] . There is a splitting and shifting of spectral lines of atoms under the effect of electric field in this process.
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The Stark effect is investigated for the Dicke Hamiltonian in the presence of constant fields and hence shifting in eigenvalues is observed due to the emitter-cavity interaction strength. The dynamic Stark effect is observed in an optical system controlled by a laser beam. In the presence of the dipole approximation there is an exact contribution of time to the Dicke Hamiltonian. Due to the interaction with external field, it is periodic with the frequency of laser. The shift in Rabi splitting is observed due to dynamic Stark effect. The recent progress in the field of cavity quantum electrodynamics (QED) [42] [43] made it possible to achieve the strong and ultra-strong light-matter-interaction patterns experimentally. Therefore, the full Dicke Hamiltonian drawing on the outer laser is controlled to represent the dynamical properties The Stark shift explains the multi-photon transition in more precise and accurate manner. The significance of this process can be noticeable, when two levels of atom interact with the middle level [44] . The Stark shift mechanism is explained in this situation by considering the process of adiabatic elimination of the middle level(s) of a multi-level atom [45] . This method calculates a simple effective Hamiltonian of a two-level atom interacting with a quantized field of single-mode with at least two-photon transition in the presence of Stark shift [46] . The Stark shift in two-photon transitions is taken as the detuning depending on the intensity [47] . The interaction of two two-level atoms and a field of single-mode with degenerate two-photon transition in the presence of the Stark shift are investigated [48] and it is described that the degree of QE increases with the rise in the value of the Stark shift parameter.
von Neumann entropy (VNE) is considered the main entanglement measure for pure states. The correlation between quantum entanglement and Fisher information (FI) about a certain parameter in a quantum state has not been studied widely. Moreover, observations have been made to calculate the QE of pure state by using FI. In this regard, the entanglement evaluation and QFI of N-level atomic system under the influence of intrinsic decoherence is studied [49] . Also, the time evolution of the QFI of a system whose dynamics is described by the phase-damped model has been studied [50] . It is observed that there is an interesting monotonic relation between the QFI and nonlocal correlation behavior measured by the negativity depending on choosing the estimator parameter during the time evolution.
In this present paper our main focus is to investigate the QE and dynamics N-level moving atomic system which is interacting with coherent field in presence of Kerr medium and Stark shift. We have calculated VNE and QFI of the N-level atom system in the presence of atomic motion and without atomic motion.
The paper is arranged as follows. In Section 2, we present the background related to VNE and QFI. The system Hamiltonian and dynamics are presented in Section 3 for N-level atomic system affected by Kerr and Stark effect. Section 4 provides detailed results and numerical discussions. In Section 5, we present a Journal of Quantum Information Science brief conclusion.
Introduction to Quantum Fisher Information (QFI)
The classical Fisher information (CFI) for any particular phenomenon with a one parameter θ which is unknown can be written as
where ( ) i p Φ is representing the probability density having significant and prominent influence on the fixed parameter with the outcome { } i x of measurement for a distinct observable X. The CFI can be described with the help of the inverse variance of the asymptotic normality of a maximum-likelihood estimator. The QFI has a very important and effective part in quantum metrology
and the large precise measurement of an unknown parameter can be gained which is having relation to inverse of the quantum fisher information and is described as [51] .
where ( ) ρ Φ is describing the density matrix (DM) of the system, Φ is the parameter which will be estimated, and L is representing the quantum score (symmetric logarithmic derivative) which is written as
here we are considering N-level atomic system with the density operator ( )
The spectral decomposition of the DM is described as
The QFI which is related to Φ for this DM is represented by [52] taking the trace over the field. Therefore, we will be able to represent the AQFI of a bipartite density operator AB ρ which is related to Φ as [53] ( ) ( )
where ( )
is representing the quantum score [54] (the symmetric logarithmic derivative) that will be written as
In the same way we will define the von Neumann entropy as 
Model and Hamiltonian
We consider the model consisting of moving N-level atoms interacting with a single-mode cavity field. The total Hamiltonian of the system ˆT H under the RWA for atom-field system can be described as [55] Atom-Fieldˆˆ. 
where g is representing the ground state of N-level atomic system and χ and β are the constants of Kerr-like medium and Stark effect.
We will describe the detuning parameter as 
In the next section, the influence of the parameters w, φ , χ and β on the 
Discussions of Numerical Results
In this section we will present the results of the time evolution of QFI and von
Neumann entropy of a system of N-level atom interacting with a coherent field under the influence of Stark and Kerr effects. For the sake of simplicity, we scaled out the time t i.e. one unit of time is described by the inverse of the coupling constant G. Initially, we investigate the time evolution of QFI and Von Neumann entropy for N-level atomic system interacting with a non linear Kerr medium with and without atomic motion. In Figure 1 , we plot the QFI and von
Neumann entropy as a function of time for N-level atoms interacting with coherent field under the influence of a non linear Kerr medium for In Figure 2 , we plot the QFI and von Neumann entropy as a function of time for the system of N-level atom having interaction with coherent field for In Figure 3 and Figure 4 we plot QFI and von Neumann entropy as a function of time for N-level atom interacting with coherent field for 
Conclusion
We study the dynamical evolution of QFI and entanglement for N-level atomic system in the presence of Kerr (linear and non-linear medium) and Stark effects. The time evolution of the atomic system interacting with a coherent field under the influence of Stark and kerr effect is investigated numerically. It is shown that Stark and Kerr effect play a significant role during the time evolution of the quantum system. It is seen that QFI evolves as time grows contrary to the entanglement for higher dimensional systems under the influence of non-linear Kerr medium. However, the effect of non-linear Kerr medium is immense on the entanglement for larger values of Kerr medium. A sudden jump of entanglement is observed for N-level system (five-level atom) at 3 χ = because at larger values of non-linear Kerr parameter χ , five-level atom has more probability to interact with field as compared to three-and four-level atom. On the one hand, a periodic behaviour of QFI and entanglement is observed in the presence of atomic motion. On the other hand, linear Kerr medium has no prominent effects on the dynamics of N-level system. Furthermore, QFI and entanglement decay promptly under the influence of Stark effect. Finally, we conclude that the N-level atomic system is found fully prone to the change of the Kerr medium and Stark effect for higher-level atomic systems.
